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The evolution of perturbations is a crucial part of the phenomenology of the dark sector cos-
mology. We advocate parameterizing these perturbations using equations of state for the entropy
perturbation and the anisotropic stress. For small perturbations, these equations of state will be
linear in the density, velocity and metric perturbations, and in principle these can be related back to
the field content of the underlying model allowing for confrontation with observations. We illustrate
our point by constructing gauge invariant entropy perturbations for theories where the dark sector
Lagrangian is a general function of a scalar field, its first and second derivatives, and the metric and
its first derivative, L = L(φ, ∂µφ, ∂µ∂νφ, gµν , ∂αgµν). As an example, we show how to apply this
approach to the case of models of Kinetic Gravity Braiding.
Introduction The last decade in cosmology has seen
the detection and measurement of a large number of ob-
servables which are sensitive to the details of the dark
sector and its perturbations [1]. This has received a boost
recently with the release of the results from the Planck
satellite [2, 3], and future missions such as Euclid [4, 5]
and COrE [6] will make this area one of the most ex-
citing in the coming decade. A consistent model of the
gravitational dynamics of the dark sector is essential if
one wants to meaningfully use data to tell us about which
of the plethora of dark energy/modified gravity theories
[7–10] could be realized by nature. Both the behavior of
the equation of state parameter w = P/(ρc2) and pertur-
bations in the dark sector must be modeled; neglecting
dynamics of perturbations of the dark sector is only valid
when w = −1.
For a given Lagrangian of the dark sector, the equation
of state w(a) and the perturbation evolution can be de-
duced from the Euler-Lagrange equations. However, at
present there is no compelling fundamental model and so
many models have been proposed that some kind of phe-
nomenological approach would appear to be in order that
could act as a staging post between observations and fun-
damental theories. Of course, only one could possibly be
the true model and many of the models proposed are not
entirely consistent as fundamental theories, but taking
advantage of the projected observational advances must
be part of levelling in on the true theory. Developing
such an approach is the main objective of this letter.
We will presume that the dark sector can be mod-
elled by an effective energy-momentum tensor Uµν which
is compatible with the symmetry of the Friedmann-
Robertson-Walker solution to Einstein’s equations. Such
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a model can be entirely defined by the contribution of
dark sector at the level of the background by specifying
w(a) and indeed most papers presenting observational
results specify constraints on w, albeit at present usu-
ally assuming that it is constant since the data are not
currently particularly constraining. Recent results from
a principal component analysis study [11] suggest that
model and parameterization independent constraints on
w will be possible in the future. Moreover, under some
weak assumptions, in some of the simplest models for the
dark sector, for example, minimally coupled Quintessence
models specified by a potential V (φ) or F (R) modified
gravity models, there is a one-to-one correspondence be-
tween the free function(s) describing the model and w(a).
Therefore, we consider this aspect of the phenomenology
of the dark sector to be under control, if not completely
solved.
The situation is less clear for the evolution of pertur-
bations. One approach that has been proposed is to pa-
rameterize our ignorance of the dark sector into functions
of time and space that can be interpreted as a modi-
fied gravitational constant and gravitational “slip” [12–
15]. A complimentary approach, which is much closer
to that advocated here, has been developed in [16–20].
These works have developed model independent modi-
fications to the perturbed Einstein equations which are
gauge invariant. In both cases the general nature of these
approaches, perceived as a virtue in their development,
could also be a weakness since this leads to large number
of free functions of space and time making it difficult to
come significant conclusions about the nature of the dark
sector.
Our “holy grail” is to provide a parameterization which
assumes almost zero phenomenological prejudices, and
all freedom is able to be traced back to some underly-
ing symmetry or physically motivated principle. For in-
stance, one could model the breaking of Lorentz or repa-
rameterization invariance and then devise observations
2to constrain the magnitude of the violating terms. Our
approach will still have a number of free functions, but
these will be just of time and not space, which is a signif-
icant simplification. They will be minimal for a given set
of assumptions and importantly it will be possible to con-
nect them to general aspects of the underlying physical
model.
We will build on our earlier work [21–23] which could
be described as a background fixed effective field the-
ory approach [24–26] modelling those degrees of freedom
that are observationally active – not to be confused with
the background dependent approach, for example [27].
The active degrees of freedom we consider here are scalar
fields, the metric and their derivatives. In addition, one
could include vector fields but we will not consider that
possibility here. We will impose reparametrization in-
variance and second order field equations. An impor-
tant novel feature of the approach we advocate is then
to eliminate the active degrees of freedom to establish an
equation of state for the perturbations that will be linear
in the density, velocity and metric perturbations. What
we are doing is modelling the imperfect fluid behaviour,
that is due to the complicated internal degrees of free-
dom, with this equation of state and this is, of course,
what we also do at background order. A restricted case
of this the general idea was argued for in [28] without the
specific connection to the internal degrees of freedom.
Basic formalism The perturbed field equations are
δEG
µ
ν = 8piGδET
µ
ν + δEU
µ
ν where δE denotes an Eu-
lerian variation. The perturbed dark energy momentum
tensor δEU
µ
ν contains all information about the dark sec-
tor at the level of linearized perturbations, and its com-
ponents can be identified with perturbed fluid variables,
δEU
µ
ν = δρu
µuν + 2(ρ+ P )v
(µuν) + δPγ
µ
ν + PΠ
µ
ν .(1)
The perturbed fluid variables {δρ, vµ, δP,Πµν} are con-
structed from perturbed field variables which appear in
the underlying theory in a complicated way (we will give
an explicit example later). One can perform the standard
split of the anisotropic stress, Πµν , into scalar-vector-
tensor perturbations to give ΠS, ΠV and ΠT. In what
follows we will concentrate on the scalar (density) per-
turbations, but the basic idea can also be applied – more
simply – to the vector and tensor case, see for example
[21–23].
The perturbed fluid variables are constrained by the
conservation equation, δE(∇µUµν) = 0, which, in Fourier
space for scalar perturbations in the synchronous gauge,
are given by
δ˙ = −(1 + w)
(
− k2θS + 1
2
h˙
)
− 3HwΓ, (2a)
θ˙S = −H(1− 3w)θS − w
1 + w
(
δ + Γ− 2
3
ΠS
)
, (2b)
with the entropy perturbation
wΓ ≡
(
δP
δρ
− w
)
δ. (3)
For simplicity we have set w˙ = 0 and θS is defined from
the velocity field via θS = ik · v/k2.
Given these two conservation equations, knowledge of
two of the fluid variables {δ, θS,Γ,ΠS} in terms of the
other two and perturbed metric variables {h, η} (and
their time derivatives) would close the system of equa-
tions and allow observational quantities to be deduced
in the linear regime. If SO(3, 1) reparameterization in-
variance is imposed on the underlying theory, the en-
tropy Γ and anisotropic stress ΠS are gauge invariant
quantities and hence it seems sensible to aim to write
Γ ≡ Γ(δ, θS, h, η) and ΠS ≡ ΠS(δ, θS, h, η) where it is im-
plicit that we include derivatives of the quantities.
In [22, 23] we worked out the cases where the dark
sector only contains the metric, L = L(gµν) and is time
translation invariant (that is, SO(0, 1) invariant), and an-
other case where the dark sector contains a scalar field φ
and its Lorentz invariant kinetic scalar X ≡ − 12∇µφ∇µφ.
In these two cases, the gauge invariant equations of state
are respectively given by
L(gµν)⇒
{
wΓ = 0,
wΠS = 32 (w − c2s )
[
δ − 3(1 + w)η]. (4a)
L(φ,X )⇒
{
wΓ = (c2s − w)
[
δ − 3H(1 + w)θS],
wΠS = 0.
(4b)
In each of these parameterizations there is only one free
function of time: c2s (t) which can be interpreted as a
speed of sound propagation. In analogy to the case of
w, we would envisage taking this to be constant until
the data are sufficiently constraining to make a principal
component analysis meaningful. (4a) describes perturba-
tions of elastic dark energy [21, 29]. When c2s ≡ 1, (4b)
describes minimally coupled quintessence perturbations
and more general values correspond to k-essence models
[24, 30, 31].
Relation to the field content We now give an ex-
ample field content to show what types of theories yield
equations of state. We start from a field content given
by
L = L(φ, ∂µφ, ∂µ∂νφ, gµν , ∂αgµν), (5)
which is at most linear in ∂αgµν , and δEU
µν can be com-
puted from the quadratic Lagrangian for perturbations,
L{2}, and written as
δEU
µν = YˆµνδLφ+ Wˆ
µναβδLgαβ −£ξUµν . (6)
We have written δL = δE+£ξ (where £ξ is the Lie deriva-
tive along ξµ) so that the theory is built with the Stuckel-
berg fields ξµ which parameterize violations of reparam-
eterization invariance – in everything that follows, the
parameters in the theory are arranged so that the ξµ-
fields consistently decouple and the theory is manifestly
SO(3, 1) reparameterization invariant. We restrict our-
3selves (for calculability) to the theories which have
Yˆ
µν = Aµν + Bαµν∇α + Cαβµν∇α∇β
+Dραβµν∇ρ∇α∇β , (7a)
Wˆ
µναβ = Eµναβ + Fρµναβ∇ρ. (7b)
The symmetries of the tensors {A, . . . ,F} in (7) are in-
herited from the effective Lagrangian for perturbations
[22]. One could include higher-derivative terms in the
expansions which would encompass more theories. We
impose spatial isotropy on the background spacetime to
allow use of the (3+1) decomposition to isolate all terms
in the tensors in the expansions of Yˆµν , Wˆµναβ . For the-
ories which are (i) SO(3, 1) reparameterization invariant
and (ii) have second order field equations, the perturbed
fluid variables are constructed from the field variables
according to

 δ − A14h˙θS
δP

 =

 A11 A12 0A21 A22 0
A31 A32 A33



 δφ˙δφ
δ¨φ

 , (8)
and it turns out, in the case under consideration, that
ΠS = 0 (and ΠV = ΠT = 0); in order to create a non-zero
anisotropic stress, in the case of just scalar and tensor
fields, it appears to be necessary to break at least part of
the reparameterization invariance as is the case of elastic
dark energy. The eight functions {A11, . . . A33} are only
time dependent. It is possible to isolate how the com-
ponents of the tensors {A, . . . ,F} combine to construct
the AIJ in (8); the exact form is very complicated, and
we don’t reproduce it here. As an example, one finds
that it is only the components of the tensor F which con-
tribute to A14. If we now eliminate the internal degrees
of freedom {δφ, ˙δφ, δ¨φ}, the entropy perturbation is of
the form
wΓ = B1δ +B2θ +B3h˙+B4h¨ (9)
for some BI which are functions of the AIJ. The de-
pendancies of these functions are B1 = B1(t), B2 =
B
(0)
2 (t) + k
2B
(1)
2 (t), B3 = B3(t), B4 = B4(t).
The functions AIJ represent how the field content com-
bines to construct the fluid variables; for this reason we
call the AIJ the activation functions, or AFs for short,
and we call the matrix [AIJ] the activation matrix. Spe-
cific theories can be used to prescribe the values of the
AFs. Suppose that if for some reason one has A33 = 0
then δ¨φ is “deactivated” and does not influence the fluid
variables. The important take-away message from (8)
is to notice how the activation matrix prescribes which
field variables are activated and thus appear in which
fluid variable.
Gauge invariant equations of state for pertur-
bations Earlier we stated that the form of wΓ (9) must
be gauge invariant. The most general gauge invariant
form of the equation of state that yield second order
field equations for all theories with field content (5) and
energy-momentum tensor (7) can be written as
wΓ = (α− w)
[
δ − 3H(1 + w)β1θS − 3H(1 + w)β2
2k2 − 6(H˙ − H2) h˙
+
3H(1 + w)(1 − β1 − β2)
6H¨+ 6H3 − 18HH˙+ 2k2H h¨
]
. (10)
This is the equation of state for dark sector perturba-
tions, since it prescribes exactly how the details of a
theory combine into terms which directly alter the fluid
equations and cosmological observables. With (10) and
the fact that ΠS = 0, the fluid equations (2) close.
There are 3 dimensionless functions of scale and time
F ≡ {α, β1, β2} which completely specify perturbations.
The scale dependance of the functions F can be precisely
isolated, reducing the freedom to a set of time-dependant
functions only.
The functions F can all be determined as functions of
the AFs AIJ, which in turn can all be determined from
components of the tensors (7) that were derived from a
Lagrangian for perturbations. Particular theories can be
used to compute what these functions are. The functions
F are subject to stability requirements and thus cannot
take arbitrary values.
The number of free functions can be reduced by choos-
ing restrictions on the theory space. There are a few ob-
vious ways to do this, and each will end up simplifying
the equation of state. For example, if A33 = 0 then δ¨φ is
removed from the “active” field content (8); this renders
all BI in (9) scale independant and sets β2 = 1−β1 in the
equation of state (10). Another way to proceed could be
to knock out tensors from the expansion of δEU
µ
ν . For
instance, when all components F = 0, then A14 = 0; this
restriction also sets β2 = 1−β1. Note that if additionally
β1 = 1 then (10) becomes (4b).
Example: Kinetic Gravity Braiding For illustra-
tive purposes, we study a class of examples that are in-
cluded in the more general form of the AFs described
earlier (and therefore of our equations of state for dark
sector perturbations). This can be thought of as being
a “truncated” Horndeski theory, and is given by the Ki-
netic Gravity Braiding [24, 32–35] (KGB) theory, whose
Lagrangian is
L = A(φ,X )φ + B(φ,X ), (11)
where A,B are arbitrary functions of the scalar field φ
and the kinetic scalar X ≡ − 12∇µφ∇µφ. The field equa-
tions for the scalar field are at most of second order. The
energy-momentum tensor calculated from (11) is given
by Uµν = L,X∇µφ∇νφ + 2∇(µA∇ν)φ + Pgµν , where
P ≡ B − ∇µφ∇µA. On an isotropic background, the
energy density ρ and pressure P are given by
ρ = −B + 2(A,φ + B,X )− 2A,XX
√
2X K
≡ ρ(φ,X ,K), (12a)
P = B + 2A,φX + 2A,XX
√
2X Y
≡ P (φ,X ,Y), (12b)
4where Y ≡ X˙ , K = 3H and H is the Hubble parameter.
These can then be used to compute the following first
variations,

 δρ−
1
2ρ,K h˙
θS
δP

 =

 ρ,φ ρ,X 0b1 b2 0
P,φ P,X P,Y



 δφδX
δY

 , (13)
where b1, b2 are functions of background field variables,
given by
(ρ+ P )b1 ≡ (B,X + 2A,φ −KA,X
√
2X )
√
2X ,(14a)
(ρ+ P )b2 ≡ A,X
√
2X . (14b)
We can deduce that B2 = B
(0)
2 (t) + k
2B
(1)
2 (t) with
B1(t), B3(t) and B4(t) scale independent. From this
we conclude that α ≡ α(t), β1 ≡ β(0)1 (t) + k2β(1)1 (t)
and β2 ≡ [3(H˙ − H2) + k2]β(0)2 (t), that is, there are
just 4 time dependent functions which can be measured:
α, β
(0)
1 , β
(1)
1 , β
(0)
2 (NB the last two are not dimension-
less). If the KGB theory is shift symmetric, that is,
L = A(X )φ + B(X ), then β(0)1 ≡ 0 and therefore there
are then just 3 time-dependent functions.
Discussion In this letter we outlined the philosophy
of our approach, and we provided our main results with
schematic derivations. These are the activation matrix
(8) and the gauge invariant equations of state for dark
sector perturbations (10). The equations of state are a
neat way to package parameterizations of perturbations
in the dark sector and we advocate that those attempting
to constrain dark energy and modified gravity theories of
the kind described by L = L(φ, ∂µφ, ∂µ∂νφ, gµν , ∂αgµν)
should do this via the parameters α, β1 and β2 which can
be related back to the fundamental nature of the theory.
We have not included explicit expressions relating the dif-
ferent parts to our calculation. These will be presented
in future work along with our analysis of the current ob-
servational constraints on the parameterization and the
prospects for the future.
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